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��yuut u| �yzt�y�yuwut}w� x �t�{|�|yw}v tw�yw}w�yuut}w� �| uy��|~x �z}�y�x�yuw|{�u�� �t���wtz �t}w�txw� �|}�w|�x��y��� z�|uwt��� zt����wy�� ��y�|wx~ut �yzt�y�yuwut}w� � }w|u�|�w�ut� z�|uwt�t� �t��|{x��y �t�ut ��y�}w|�xw� w|z� s�}w� �y���� z��xw |ψ〉sys

t�t�u|~|yw }t�}wtvuxy x��~|y�t� }x}wy��� � |φ〉env
� }t}wtvuxy yy �{x�|��y�t tz���yuxv� �}{x �y��tu|~|{�ut�� ��x�twt�x{x }x}wy�� � }t}wtvuxx |ψ〉sys = α|0〉sys + β|1〉sys

� | �{x�|��yy tz���yuxy u|�t��x{t}� � xu�x��y�yuwut� }t}wtvuxx |0〉env
� wt �|���ut ��y��t{t�xw�� ~wt �t}{y ztuw|zw| �|}��x�yuu|v }x}wy�|� }x}wy�| � �{x�|��yy tz���yuxy ���yw u|�t�xw�}v � }t}wtvuxx� ztwt�ty �t�{�~|yw}v x� }t}wtvuxv �t ztuw|zw| |Ψini〉 = (α|0〉sys + β|1〉sys)
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|0〉env
��x�yuyuxy� z|zt�t�{x�t�|��w��|��y�t t�y�|wt�|� u|��x�y�� ����� wt y}w� �y��{�wx����x� ���yw �|��w|uuty }t}wtvuxy

|Ψfin〉 = (α|0〉sys

⊗ |0〉env + β|1〉sys

⊗ |1〉env
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}~xw|w� �|�u�� 1√
T

� ��y T y}w� ~x}{t �|�t� }|�t�t ��}w�t�t x� }��y�zt����wy�t� �| �|z}x�|{�uty��y�v� x�y��yy}v � u|�y� �|}�t�v�yuxx� s�x �wt� ~x}{t �|�t�� w�y��y�ty �{v �x|�tu|{x�|�xx�|�x{�wtux|u| ���yw x�yw� �t�v�tz N 7
3
� ~wt �|zwx~y}zx �{x�zt z ~x}{� �|�t�� uyt��t�x��� �{v��t}wt�t }z|ux�t�|uxv t�{|}wx t��y�y{yuxv �t{ut�t� ��uz�xx�

�|x�t{��xy ~|}wx� �� ���y� u|���|w� ~|}wx�|�x u�{y�t�t ��t�uv� �wt �t��w ��w� �ut�t|wt��u�y �t{yz�{�� wt y}w� wy t��yzw�� ztwt��y �t}w��u� uy�t}�y�}w�yuut�� u|�{��yux�� �|}wx�|�x�y��t�t ��t�uv ���y� u|���|w� u|x�t{yy z���u�y z�}zx ~|}wx� u�{y�t�t ��t�uv� x w��� �tt��y�~|}wx�| n �t ��t�uv ��y�}w|�{vyw }t�t� u|�t�� }t}wtv�x� x� ~|}wx� ��t�uv n+ 1 � �|zx� t��|�t�����t� ~|}wx� n��t ��t�uv t�u|~|yw ���t� }�t}t�| �����x�t�zx ~|}wx� �t{yy ��}tzt�t ��t�uv� x��y�}w|�{vyw }t�t� u| �y��t� �|�y �|�|~� �t{��t�|wy{v �t�y{x� �{v �|{�uy��x� �|�t� �� }�t����{x��y� ��|�x{t �{v x��yuyuxv �wt� xy�|��xx� ���|v �yzt�yu�|�xv }t}wtxw wt{�zt � wt�� ~wt� �y��{�w|wy w|zt�t t��y�y{yuxv ~|}wx� �t{�u� �t{�~|w�}v t��yzw�� z ztwt��� ��x�yux�t �tuv�wxy �t{ut�t� ��uz�xx x t�ut~|}wx~uty ��|�uyuxy ��y�xu�y�|� �|zx� t��|�t�� z|��|v ~|}wx�| a��t�uv n x�yyw }�tx ��t}w�|u}w�yuu�y ztt��xu|w� xa, ya, za
x }�xut��� ztt��xu|w� sa

� �wx zt�t��xu|w� ~|}wt �t�ut }~xw|w� ztt��xu|w|�x �yuw�| �|}} Ca
}x}wy�� ~|}wx� }{y����y�t ��t�uv�t��|����x� a � s�}w� a1, a2, . . . , as

� ~|}wx�� ��t�uv n+ 1 t��|����xy a � �� ztt��xu|w� � }x}wy�yztt��xu|w� u|~|{�u|v wt~z| ztwt�t� }t��|�|yw } Ca
u|���|�w}v twut}xwy{�u��x ztt��xu|w|�x�

� �|{�uy��y� �� ���y� ��x�yuvw� z��xwt��� �|�x}� �t{ut��� ��uz�x� |Ψ(r̄)〉 � �x�y
∑

r̄

λr̄ |r̄〉 	�


��y r̄ y}w� ��tx~u|v �|�x}� ~x}{yuut�t �u|~yuxv ztt��xu|w �}y� ~|}wx�� ��t�v�x� � �|}}�|w�x��|y��� }x}wy��� ��}w� �{xu| �wt�t zt�wy�| n � ��y}� �u|~yuxy t��~ut� �t{ut�t� ��uz�xx Ψ(r̄)��t}wt ��t�t��xtu|{�ut λr̄
� �y�~|} �� ���y� �|}}�|w�x�|w� y}wy}w�yuu�� {yz}xzt��|�x~y}zx��t�v�tz u| zt�wy�y r̄ � ztwt��� � wt~ut}wx }ttw�yw}��yw t�ut~|}wx~ut�� t�ut�y�ut�� }{�~|�� utu|�y �|}}�tw�yuxy ���yw u| }|�t� �y{y }t�y��yuut t��x�� �� st}zt{�z� �� �t�t�t�x{x}�� ~wt�}vz|v ~|}wx�| ��t�uv k − 1 �|}�t{t�yu| � �yuw�y �|}} }x}wy�� t��|����x� yy ~|}wx� ��t�uv k �� �����y �wx� ~|}wx� �|�|uxy ztt��xu|w �}y� z�t�y t�ut� t��y�y{v�w ztt��xu|w� x �wt� t�ut� 	�}x}wy�y x� �yuw�| �|}}
� �wx ~|}wx��� ztt��xu|w� ztwt��� �t��w ��w� ��tx��t{�u�� u|���|�w}v�u|~x���x� s�}w� k = 0, 1, . . . , n u��y��yw ��t�ux xy�|��xx� ��t�u|~x� ~y�y� r̄k u|~|{�u�� tw�y��tz �t}{y�t�|wy{�ut}wx r̄ �{xu� k � | ~y�y� rk � k�� �{y�yuw �wt� �t}{y�t�|wy{�ut}wx� x�y��x� �x�}�x}z| rk = (r1k, r

2
k, . . . , r

sk

k )� ��y rj
k
y}w� twut}xwy{�u�y ztt��xu|w� j�� �u|~x�t� ~|}wx�� ��t�uv k �| sk

� ~x}{t w|zx� ~|}wx�� u|��x�y�� y}{x � z|��t� ~|}wx�y y}w� �t�ut ��y ~|}wx�� }{y����y�t��t�uv� wt sk = 2n−k−1 � �}{x uy x}�t{����w}v �y��uxy xu�yz}�� �t�ut �{v ��t}wtw� }~xw|w��~wt rk �tt��y ��y�}w|�{vyw }t�t� t�xu z��xw � �wt ��t}wt t�{y�~xw u|�x t�t�u|~yuxv� �}vz���t{ut��� ��uz�x� �x�| 	�
 �t�ut ��y�}w|�xw� � �x�y
∑

r1

(

λr̄1 |r1〉
⊗∑

r2

(

λr̄2 |r2〉
⊗

. . .
⊗∑

rn

λr̄n
|r̄n〉

)

. . .

)

	�


�{v �wt�t �t�ut� u|��x�y�� ��t}wt ��vw� �}y λr̄j

�|�u��x y�xux�y ��x j = 1, 2, . . . , n − 1 � | ��x
j = n �t{t�xw� �|�u�� λr̄

x� �t���{� 	�
�
�}{x �|}}�tw�yw� �xz}x�t�|uuty �u|~yuxy j � �|}��y�y{yuxy |��{xw�� λr̄j

�t�ut w�|zwt�|w� z|zuyztwt��� �t{ut��� ��uz�x�� �� ��y��t{|�|y�� ~wt tu| ut��x�t�|u|� � }ttw�yw}w�xx } u|�x�}t�{|�yuxy�� tu| �|�|yw}v uyztwt��� ���yzwx�u�� |{�t�xw�t� fj
� zt� ztwt�t�t �� t�t�u|~|y�~y�y� [λ̄r̄j

] � w|z ~wt fj(r̄j) = λr̄j

� s�}w�Kj
t�t�u|~|yw �ut�y}w�t zt�wy�y� �x�| r̄j � x ��}w� Fj

w|z|v
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��uz�xv u| Kj−1
� ~wt Fj(r̄j−1) = [fj]

� �� ���y� �|}}�|w�x�|w� wt{�zt w|zxy }t}wtvuxv� � ztwt���� �}y ��uz�xx Fj
��x j = 1, 2, . . . , n �t��w ��w� �|�|u� uyztwt��� ztuy~u�� x �xz}x�t�|uu��u|�t�t� A ���yzwx�u�� |{�t�xw�t�� st}zt{�z� �|�|uxy �}y� ��uz�x� Fj

t�ut�u|~ut t��y�y{v�yw }t}wtvuxy� �}y w|zxy }t}wtvuxv ����w �|�|�|w�}v ztuy~u�� u|�t�t� ���yzwx�u�� |{�t�xw�t����x~y� �{xu| zt�x�t�|uxv z|��t�t x� w|zx� }t}wtvux� ���yw {xuy�ut �|�x}yw� tw n � wt y}w� tw~x}{| ~|}wx� � �|}}�|w�x�|y�t� }x}wy�y� �|�ywx�� ~wt� � }x{� �t}{y�uy�t �|�y~|uxv� ���y{yuu�yu|�x }t}wtvuxv v�{v�w}v �}y�t {x�� uy�t{��x� �t�z{|}}t� �}y� }t}wtvux� 	��x ��y��t{t�yuxxt �y�ux}wt}wx |��{xw��
� ��u|zt ��~x}{yuxv } ��x�y�yuu�� z{|}}t� }t}wtvux� uy w�y���w uy�t�}�y�}w�yuut�t ��|uyuxv � �|�vwx z�|uw| |��{xw���� ��y}wt �wt�t u|�t ��|uxw� zt�� |{�t�xw�t���t�t��|��xy �|}��y�y{yuxv |��{xw��� ~wt �|yw �t��t�ut}w� �|�tw|w� } �t�|��t �yu��x�x z�|u�w|�x |��{xw��� ~y� �t��t{vyw �|�vw��
��y�y� y�y �v� �t�z{|}}t�� ��wy� u|{t�yuxv �v�| �t�t{uxwy{�u�� �}{t�x�� �t��y����� ��}w��}y ��uz�xxFj

�y|{�ut �|�x}vw uy tw �}y�t zt�wy�| r̄j−1
� | wt{�zt tw ztt��xu|w rj−p, rj−p+1, . . . , rj−1

�wt �� u|�t�y� �ut�y}w�t w|zx� }t}wtvux� �t�z{|}}t� �{��xu� p � st�z{|}} }t}wtvux� �{��xu� �

y}w� ��t}wt uy�|��w|uu�y }t}wtvuxv��}{x �}y �|}��y�y{yuxv λr̄j

�}w�tyu� w|z� ~wt � �wx� zt�wy�|�y}w� wt{�zt t�xu uyu�{y�t� �{y�yuw� wt �� �t{�~|y� �t�z{|}} }t}wtvux�� }t}wtv�x� x� �|�x}u��}t}wtvux� u|�y� }x}wy�����t�u|~x� ~y�y� |Ψr̄k
〉 �t{ut��� ��uz�x�∑

rk

λr̄k
|r̄k〉� ztwt�|v z|z �x�ut x� t��y�y{yuxv �|�x}xwtw ���t�| r̄k−1

� �wt ���yw �t{ut�t� ��uz�xy� }x}wy�� �}y� ~|}wx� ��t�uv k � ztwt�|v �|�x}xw tw���t�| ztt��xu|w ~|}wx� �t{yy ux�zx� ��t�uy���y�~|} �� t�x�y� �w� �|�x}x�t}w� �t{yy �yw|{�ut�s�}w� A y}w� ���xwt� t�y�|wt� � ��t}w�|u}w�y }t}wtvux� }x}wy�� Sk
~|}wx� ��t�uv k � �t��| y�t}�y�uyy �u|~yuxy t��y�y{vyw}v }t�{|}ut z�|uwt�t�� ��|�x{�

〈A〉Ψr̄k
= Tr (A|Ψr̄k

〉〈Ψr̄k
|). 	Ö�


� ~|}wut}wx� �� �t�y� u|�wx }�y�uyy �t{t�yuxy {��t� }t}w|�ut� ~|}wx }x}wy�� Sk
� | w|z�y�twyu�x|{ Vk(r)� }t��|�|y��� �wt� }x}wy�t� � wt~zy r � �}{x x�yyw}v �uy�ux� �twyu�x|{ V � ���t�y� wt��| t��y�y{xw� wtw �twyu�x|{ V ′(r̄k−1) = V +Vk(r)� ztwt��� �y�}w��yw u| ~|}wx�� ��t�uv

k − 1 � �}{x � u|} }u|~|{| �|�|u� }t�}w�yuu�y ��uz�xx �{v ~|}wx� ��t�uv n � �� �t�y� w|zx�t��|�t� }t}w|�xw� �|�x{�wtux|u �{v ~|}wx� ��t�uv n−1 � u|��v y�t }t�}w�yuu�y ��uz�xx }t}w|�xw��|�x{�wtux|u �{v ~|}wx� ��t�uv n − 2 � x w|z �|{yy� ��{tw� �t }|��� z���u�� ~|}wx� ��t�uv 0 ���}t{�wu|v ztt��xu|w| {��t� ~|}wx�� ��t�uv k �t{�~|yw}v z|z }���| �{t�yuu�� ���� � ����|~|}wx�� u|~xu|v tw uyy �t ��t�uv �� �t��| �t{�~xw}v� ~wt �|�|uxy ztt��xu|w ~|}wx� ��t�uy� k −
1, k−2, . . . , 0 t��y�y{xw �|}��y�y{yuxy |��{xw�� �{v ��t�uv k � ~wt x w�y��yw}v � u|�y� t��y�y{yuxx�

�|zx� t��|�t�� �t�ut �y|{x�t�|w� �|� �uxw|�ut� ��t{��xx �{v }t}wtvuxv xy�|��x~y}zt� }x�}wy�� } �t�t��� z|zt�t�{x�t ~x}{yuut�t �ywt�|� u|��x�y�� ztuy~ut��|�ut}wut�t��{v ~|}wx� t��ut�t ��t�uv� ��t�v�x� � t�xu v��}� ��� w|zx� t��|�t�� ��x�yuvy� �ywt� ��v�t�t �t�y{x�t�|uxv�
�|�ut wt{�zt� ~wt�� t�y�|�xx� ztwt��y ��tx��t�vw}v u|� �|}��y�y{yuxv�x |��{xw�� ��x �wt��t�y{x�t�|uxx x �y��{�wx����xy �|}��y�y{yuxv ��t�x{x � �ut�y}w�t A x���|uu�� ���yzwx�u��|{�t�xw�t��

�}{x �� t��|ux~x� ~x}{t� L t��yy ~x}{t wt~yz � ��t}w�|u}w�y� 	x{x �|�xz}x��y� ��t}w�|u�}w�yuuty �y�ut
� zt{x~y}w�t }t�}w�yuu�� ��uz�x� {��t�t ��t�uv x �|z}x�|{�uty ~x}{t ~|}wx� �{��t� u|�t�y Sj
� wt �|�vw�� uyt��t�x�|v �{v �|�x}x �}vzt�t }t}wtvuxv �x�| 	�
� ���yw �|}wx z|z}wy�yuu|v ��uz�xv tw ~x}{| ~|}wx� �|z}x�|{�ut�t ��t�uv N � ��x~y� �tz|�|wy{� }wy�yux ���yw�|�x}yw� tw L � st�wt�� xy�|��x~y}zty ��y�}w|�{yuxy �t{ut��� ��uz�x�� ztwt�ty �|yw}v �t���{t�

	�
� ��y uy ���yw �z�x�|{yuwut �ut�t~|}wx~ut�� �x{��y�wt�� �t��|{x���� ��x ztwt�t� �t}w �|��vwx �t{�yu ��w� �z}�tuyu�x|{�u��� �y� uy �yuyy xy�y��x~y}zty ��y�}w|�{yuxy �ut�t~|}wx~u��}t}wtvux� �|yw ��xu�x�x|{�u�� �t��t�ut}w� �|}�w|�x�t�|w� z�|uwt�ty �t�y{x�t�|uxy uy wt{�zt�{v }x}wy�� }t}wtv�x� x� �{y�yuw|�u�� ~|}wx� 	|wt��� �t{yz�{�
� ut x �u�w�� }|�x� �{y�yuw|��u�� ~|}wx�� �~xw��|v� � x�y|{y� �}y �t��t�u�y wx�� �|��w|uut}wx�
Ö�



�y�y�� �� t�x�y�� z|z t��y�y{yuu|v u|�x xy�|��xv �yuvyw}v �t ��y�yux�Ö�
 ���}z|uxy ~|}wx�� � xy�|��xx u| t�u� }w��yu�� s�y��t{t�x�� ~wt �{v }t}wtvuxv �x�| 	�
�t�y{x�t�|uxy �uxw|�ut� ��t{��xx 	} t�v�|wy{�u��x �y��z�xv�x
 ��x�y{t z wt��� ~wt }t}wtvuxyt�ut� x� ~|}wx� ��t�uv k � z|��t� x� ��uz�x� �x�| |Ψr̄k−1
〉 ���y{vyw}v � �x�y wyu�t�ut�t ��tx���y�yuxv� �t��| �� t��v�{vy� �w� ~|}wx�� ~|}wx�y� ��t�uv k − 1 } }ttw�yw}w����y� �y�y}w�t�zt�|��{xw��u�� �|}��y�y{yux�� �y�y�� �w| ~|}wx�| ���yw ��|x�t�y�}w�t�|w� } ����x�x ~|}wx�|�x��t�uv k − 1 � }ttw�yw}w�xx } �|�x{�wtux|ut� ��t�uv k − 1 �

�|zx� t��|�t� �t�ut t�x}��|w�� tw��� �{yzw�tu| tw �t{yz�{� �t� �y�}w�xy� z�{tut�}zt��t ��xwv�yuxv }t}y�uy�t xtu| x{x �t�{t�yuut�t �twtu|� �}{x � u|} �y��tu|~|{�ut x�y{x}� ��|�{yzw�tu| � }t}wtvuxx �tz|��{�wy�|� x ��x �uxw|�ut� ��t{��xx x �y��z�xv� �|}}wtvuxy �y���}�y�ux�x �u|~yuxv�x x� t�ut~|}wx~u�� ��uz�x� �|}wyw� �ywy��xu|uw ��y��|�|yw}v � t�ut }{|��|y�ty x ��x �y��z�xx �� ���y� x�yw� t�x}|uu�� }xw�|�x�� �u|{t�x~u�� ��w� �|}}�tw�yuxv}xw�|�xx } �t�{t�yuxy� �twtu|� ��y}� u|�t �|}}�|w�x�|w� }t}wtvuxy �x�|
∑

j

λj |Ψj, φj〉, 	ÖÖ

��y φj ∈ { photon in state ψj , no photons} 	}�� ux�y
�

��
 st�uvwxy ~|}wx�� a � xy�|��xx u| t�u� }w��yu�� �|zt� ��t�y}} t��|wyu ��y�����y�� x }�v��|u } t��|�t�|uxy� ut�t� �|��w|uut}wx �y��� ~|}wx�|�x� ztwt��y ��y��y ��{x uy�|��w|uu��x�
�|}wx�| a ��x �wt� �z{�~|yw}v � v��}� �t�~xuyuu�� t�ut� x� ~|}wx� � b � } ztwt�|v tu| ��y��y��t�x{| � t�xu v��}���xwy�x�� t��y�y{v��x� �t�yuw w|zt�t �|�| }t}wtxw � }{y����y��� wy~yuxy�t�y{x�t�|uxv �xu|�xzx }x}wy�� ���� ~|}wx� a x b z|z }x}wy�� ���� ��|x�t�y�}w����x� ~|}wx�x� }t}wtvuxy }w|ut�xw}v �|��w|uu�� } wt~ut}w�� �t�y{x�t�|uxv x �w| �|��w|uut}w� }t��|uvyw}v u|��twv�yuxx uy}zt{�zx� �|�t�� �wtw z�xwy�x� w�y��yw ��v�t�t �ut�t~|}wx~ut�t �t�y{x�t�|uxv�
�}{x �� �twx� t�t�wx}� wt{�zt t�ut~|}wx~u��x �|�|~|�x� �t�ut x}�t{��t�|w� ����t� z�xwy�x��

�
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� s�x �|}�|�y u| �|�u�y 	x �|{yzt tw}wtv�xy ���� tw ����|
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zz��xwt�t�� ��y�}w|�{yux� 	�
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δ

δΨ
E(Ψ) = 0, E(Ψ) =

∫

Ψ(r)∗HΨ(r) dr 	Ö�
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∂

∂λj
E(Ψ) = 0 	Ö�
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uxy u|x�t{��y�t �t��|}w|uxv ��uz�xx E(Ψ)� �y|{x�|�xv z|��t�t �|�| w�y��yw ~x}{| t�y�|�x����t�t��xtu|{�ut�t ~x}{� M �}y� wt~yz �|��xyuxv t��y�t ztu�x���|�xtuut�t ��t}w�|u}w�|� ��y
M = Nk � N � ~x}{t wt~yz �|��xyuxv t�ut~|}wx~ut�t ��t}w�|u}w�|� k � ~x}{t ~|}wx�� ���yy ~x}�{t �|�t� x�yyw �t�v�tz N 1

3
� ~wt �|yw t��yy ~x}{t t�y�|�x� �t�v�z| Nk+ 1

3
� �{v �ut�t~|}wx~ut��|�|~x u|~|{�u�y ��uz�xx ��t�y �}y�t ����|w� 	z|z �wt t��~ut �y{|yw}v
 � �x�y wyu�t�ut�t ��t�x��y�yuxv t�ut~|}wx~u���

Ψ(r̄1, . . . , r̄k) = Ψi1(r̄1)Ψi2(r̄2) . . .Ψik
(r̄k). 	Ö�
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π
Ψ(rπ(1), rπ(2), . . . , rπ(k))(−1)σ(π) � ��y }���x�t�|uxy ��tx��t�xw�
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⊗
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. . .
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1√
k
D(|Ψ1〉, |Ψ2〉 . . . , |Ψk〉; r̄1, r̄2, . . . , r̄k) 	Ö�
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� �|uut� �|�twy �� �t�x�x�x��y� �tuvwxy z�|uwt� |��{xw��� } �y{�� �t{�~xw� �ywt� �t�y{x��t�|uxv z�|uwt�t� ��t{��xx� ztwt��� x�y{ �� ��yx���y}w�| �t }�|�uyux� } ��~x}{xwy{�u��x��xy�|�x� t}ut�|uu��x u| �ywt�y ztuy~u�� �|�ut}wy�� � ~|}wut}wx� �� �tw�y��y� {y�zt}wx �y�y��t�| tw z{|}}x~y}zt�t t�x}|uxv ~|}wx�� z z�|uwt�t�� x t��|wut� ~wt t~yu� �|�ut� u|��x�y�� �{v�|�|~ �t{yz�{v�ut� �xu|�xzx� �wt��� �}{t�xy� ���yw ��t}w|v w�|zwt�z| �t�ut�}zt�t ��|�x{|��~x}{yuxv �y�tvwut}wx z|z z�|��|w| �t��{v |��{xw���� � u|ztuy�� �� w�y��y�� ~wt�� t�x}|uxy�xu|�xzx uy �|�x}y{t tw ��x}�w}w�xv u|�{��|wy{v� | �yzt�y�yuwut}w� ��{| �� �}w�tyu| � �t�y{���z|���|yw}v� ~wt u|x{�~�|v }w|�wt�|v wt~z| �{v u|�x� �y{y� � �wt �t���{x�tz| z�|uwt�t� �y��|uxzx ~y�y� �y�u�|ut�}zxy xuwy��|{� �t w�|yzwt�xv� 	}�� 	���

� � �wx� wy��xu|� |��{xw��|�y�y�t�| ~|}wx�� tw wt~zx 1 z wt~zy 2 �|�x}��|yw}v z|z xuwy��|{ �x�|

K(2; 1) =

∫

exp

(

i

h
S[x]

)

Dx, S =

t1
∫

t0

L(x′t, x, t) dt
	��


�t �}y�t��t�u�� w�|yzwt�xv� x(t)� �y���x� tw 1 = (t1, x1)
z 2 = (t2, x2)

� ��y {|��|u�x|u }x}wy��
L = Ekin−Epot

y}w� �|�ut}w� zxuywx~y}zt� x �twyu�x|{�ut� �uy��xx� u|��x�y�� � }{�~|y ~|}wx�� �
}z|{v�ut� �twyu�x|{y Ekin = p2

2m
�{v x���{�}| p � Epot = V (x)� ��uz�xv K u|���|yw}v v��t�� x{x��uz�xy� ��xu| 	�{v �t{ut�t�t ��|�uyuxv
� | S � t��~uty z{|}}x~y}zty �y�}w�xy ��t{� w�|yzwt�xx

x�
�uwy��|{� �t w�|yzwt�xv� ��t�u� �{v u|} wy�� ~wt �t��t{v�w {y�zt �y�y�wx z z{|}}x~y}zt��t�x}|ux� �xu|�xzx� ��|�uyuxy z{|}}x~y}zt� w�|yzwt�xx x�yyw �x� δS

δx = 0 � wt y}w� �y�}w�xy uy�yuvyw}v ��x �|{t� x��yuyuxx w�|yzwt�xx� �w}��| �� �t{�~|y� ��|zwx~y}zty ��|�x{t �{v �y�y��t�| tw z{|}}x~y}zt�t t�x}|uxv �xu|�xzx z z�|uwt�t��� s�}w� � u|} x�yyw}v ztuy~ut��|�ut}wu���ywt� } �|�t� ∆t �{v �y�yuxv ��|�uyux� z{|}}x~y}zt� �xu|�xzx� �|}}�tw�x� �{y�yuw �y�}w�xv
�Ö



u|�y� }x}wy�� ∆S = L∆t � }ttw�yw}w����x� �|uut�� �|��� �}{x ∆S � h � z{|}}x~y}zty t�x}|uxy�|yw ��|�x{�u�� z|�wxu�� y}{x ∆S ≈ h � u|�t �y�y�t�xw� z z�|uwt�t�� t�x}|ux� �xu|�xzx� �|�~|{�uty �|}��y�y{yuxy ztt��xu|w ��x �wt� �t�ut ��vw� �|�}}t���� w|z ~wt �t{ut�|v ��uz�xv �u|~|{�u�� �t�yuw ���yw x�yw� �x� �Ω(x̄) exp(i p̄
h x̄)

�� u|t�t�tw� ��x z�|uwt�t� �t�y{x�t�|uxx �y�y��t� z z{|}}x~y}zt�� �t{�yu ��tx��t�xw�}v z|z wt{�zt ∆S }w|ut�xw}v �t{��y �t}wtvuut� s{|uz|
h � �t}zt{�z� �z{|�� � v��t �}y� w�|yzwt�x�� �|{yzx� tw z{|}}x~y}zt�� ����w �y}w��zwx�ut xuwy���y�x�t�|w��� � � }x{� ��xuvwt�t u|�x }t�{|�yuxv ��tx��t�xw� �y��z�x� u|� {���� �t{�~|y���}t}wtvuxy�� �wt ��x �t{��x� �u|~yuxv� �y�}w�xv ��x�y�yw ��t}wt z wt��� ~wt �}y z�|uwt��y w�|yz�wt�xx� �|��xy uyu�{y�t� �z{|�� }w|u�w z{|}}x~y}zx�x� �}{x �� ��~x}{x{x �t �t���{y 	��
 v��t�wt �t{ut�|v ��uz�xv u|�y� ~|}wx�� � �t�yuw ��y�yux t2 ���|�|yw}v ~y�y� �t{ut��� ��uz�x�yy �y � �t�yuw t1 �t �t���{y

Ψ(t2, x2) =

∫

K(t2, x2; t1, x1)Ψ(t1, x1)dx1.
	��


�tuz�ywu�� �x� {|��|u�x|u| �{v u|} uy }��y}w�yuyu� �� �t��}z|y� x �t{yy }{t�u�y ���|�y�uxv� u|��x�y�� tu �t�yw �|�x}yw� x tw �wt�t� ��tx��t�ut� x �t ��y�yux� � �wt �tw�y��yw wt{�ztuy�u|~xwy{�ut�t ��y{x~yuxv �u�w�yuuy� �|�vwxz�|uwt� |��{xw��� � �|�z|� �ut�t~|}wx~ut�t�x{��y�wt�| �t��|{x��| �t���{� 	��
 x 	��
 }��|�y�{x�� x � �ut�t~|}wx~ut� }{�~|y� y}{x �t�w�|yzwt�xy� �tux�|w� w�|yzwt�x� ��x�yuxv }ttw�yw}w����y� �ut�t~|}wx~ut� }x}wy��� �t �y��uy�}v z t�ut~|}wx~ut�� }{�~|�� �� ���y� }~xw|w�� ~wt ~x}{t w|zx� w�|yzwt�x� } }|�t�t u|~|{|t��|ux~yut� x �t z|��t� x� ux� ��x�yw}v t��y�y{yuu|v �xzwx�u|v ~|}wx�|� ztwt��� �� x ���y�u|���|w� z�|uwt� |��{xw����� � �{v t�y}�y~yuxv �|twx~ut}wx �|}��y�y{yuxv wt~yz x(t) u| w�|�yzwt�xv� �{v �|�u�� �u|~yux� t �� �t��}wx�� ~wt u|�x �xzwx�u�y ~|}wx�� x�y�w uyztwt���uyu�{y�t� �|��y� x �t��w }w|{zx�|w�}v ���� } ����t�� �yuvv ��x }wt{zut�yuxx }�tx }zt�t}wx x}�y�x|{�u�y �|�|zwy�x}wxzx�� � st}zt{�z� z�|uw� �xzwx�u�� � u|} y}w� y�y �t��t�ut}wx x��y�uvw� x� �|}}� x �y�x� }wt{zut�yux�� ut }u|~|{| ��y��t{t�x�� ~wt �}y x� �|}}� t�xu|zt��� |}wt{zut�yuxv �����xy�
��������� ����	� �
��	��

�|}}�tw�x� z�|uw� |��{xw�� 	z�|�
 �t{yy �yw|{�ut� ��|� ��y�}w|�{vyw }t�t� t��yzw � �x�y �|��|� ��x���x�}v � w�y��y�ut� ��t}w�|u}w�y� � z|���� �t�yuw ��y�yux 	ztwt�ty ��y��t{|�|yw}vt�xu|zt�t wyz��x� �t �}y� ��t}w�|u}w�y
 � z�|� α y}w� �xu|�x~y}zxy �|�|zwy�x}wxzx� ztt��xu|�w�� }zt�t}w�� t�t�u|~|y��y ~y�y� x(α), v(α)� x }�y�x|{�u�y �|�|zwy�x}wxzx� � z|~y}w�y ztwt����� � �wt� �|�|��|�y x}�t{���y� |��{xw���� t�t�u|~|y��� ~y�y� λ(α)� 	��y}wt |��{xw��� �t�utx}�t{��t�|w� �|�� x �|}}�
� x ���y� u|���|w� w|zxy z�|uw� }�v�|uu��x� � }{y����y� �|�|��|�y�� �|}}�tw�x� }�t�t�u�y z�|�� � ztwt��� }�y�x|{�ut� �|�|zwy�x}wxzt� ���yw w|z u|���|y��� wx��ztwt��� �t�yw ��xux�|w� � �u|~yuxv�
���¾¯»¯·° ®¯Àº°¹¿ ¸±¹º° ³° ¹¯¾Ê·Ç∆tÆ ²³°³¼±¿ ·¯ ¿¹¾¿¯°º¿ µ¼³¸¹³¾Ã·³À© �·± ·¯ »³É¯° ÈÇ°Ã ³Ê¯·Ã È³¾Ã½³ÀÆÈ³ °³´®± »Ç ·¯ µ³¾ÂÊ» µ¼±¹¾Ã·³´³ ®¯Àº°¹¿ ¼±¸·³º°·³´³ »¯°³®±©�°³ ·±²¾±®Ç¹±¯° ³´¼±·Ê¯·¯ ·± ºË¯¼Â ®¯Àº°¹¿²¾±ººÊ¯º²³À »¯¶±·²© �³ ∆t ·¯¾Ã¸¿ º®¯¾±°Ã  µ¼³¸¹³¾Ã·³ »±¾³ÀÆ °±² ²±² °³´®± »Ç ¼º²Â¯» ¹³³ÈÎ¯ ·¯ ¸±²³·Ê°Ã¹ÇÊº¾¯·¿ µ¼ ²¹±·°³¹³» ³µº±·©���°³ ³µ¼¯®¯¾¯·¯ µ³¸¹³¾° »³®¯¾¼³¹±°Ã ®·±»²Â Êº¾¯··³Æ ·³ ¯Î¯ ·¯ ®±º° ·±» �Â¼·³¹³À�»³®¯¾ ¹¯¼³¿°·³�º°Á Ê°³ÈÇ µ³¾ÂÊ°Ã °±²ÂÌ »³®¯¾Ã ·±®³ ®³µ³¾·°¯¾Ã·³ ¼±¸È°Ã �° Ë²°¹·Ç¯ Ê±º°ÍÇ ·± ²¹±·°Ç »·»±¾Ã·³´³¹³¸»³É·³´³ ¼±¸»¯¼± Ïº»© ·É¯Õ©���¾¿ »°±Í Ë¯À·»±·³¹º²¶ °¼±¯²°³¼À º³¹¯¼½¯··³ ·¯ ³È¿¸±°¯¾Ã·³ ºµ³¾Ã¸³¹±°Ã º°³¾²·³¹¯·¿Á ®³º°±°³Ê·³µ¼³º°³ ²±²�¾È³ ¶±³°Ê¯º² »¯·¿°Ã °¼±¯²°³¼Æ ·±µ¼»¯¼Æ µ¼ µ³µ±®±· ²¹±·°± ·± Â¸¯¾ ¼¯½¯°² ¹ µ¼³º°¼±·º°¹¯©

�³¾¯¯ °³´³Æ Êº¾¯··³¯ »³®¯¾¼³¹±·¯ µ³²±¸Ç¹±¯°Æ Ê°³ º°±¾²·³¹°¯¾Ã·±¿ »³®¯¾Ã ¹ È³¾Ã½·º°¹¯ º¾ÂÊ±¯¹ ·¯ °³¾Ã²³ ·¯®±¯° Âº²³¼¯·¿Æ ·³  ¹Ç¸Ç¹±¯° ·¯³µ¼±¹±··ÂÌ °¼±°Â ¹ÇÊº¾°¯¾Ã·Ç¶ ¼¯ºÂ¼º³¹Æ Ê°³ ¹¯®¯° ² ¸±»¯®¾¯·Ì »³®¯¾¼³¹±�·¿©"¯» ·¯ »¯·¯¯ Â º°³¾²·³¹°¯¾Ã·³À »³®¯¾Æ ²¼³»¯ ¯¯ ³Ê¯¹®·³À Ë¸Ê·³º°Æ ¯º°Ã ®¹± µ¾Ìº±  ¹³ µ¯¼¹Ç¶Æ ¹ °¯¼»·±¶º°³¾²·³¹¯·À »³É·³ »³®¯¾¼³¹±°Ã ²¹±·°³¹ÂÌ �¹³¾ÌÍÌ Ïº»© ·É¯ÕÆ ± ¹³ ¹°³¼Ç¶Æ »¯·¿¿ ¼¯É» º°³¾²·³¹¯·ÀÆ »³É·³µÇ°±°Ãº¿ �²³·³»°Ã ¹ÇÊº¾°¯¾Ã·Ç¯ ¼¯ºÂ¼ºÇ ¹ ¶³®¯ »³®¯¾¼³¹±·¿©
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��|� ���y� t�t�u|~|w� }w�t~u��x ��y~y}zx�x ��z�|�x α, β, γ � �xu|�x~y}zxy �|�|zwy�x}wxzxz�|� α t�t�u|~|�w}v z|z x(α), v(α)� | u|�t� }�y�x|{�u�� �|�|zwy�x}wxz � ~y�y� τ(α)� �u|~|{| ���|}}�tw�x� }|��� ��t}w�� �y�}x� z�|�� zt��|
τ(α) = λ(α) y}w� |��{xw��|� }�v�|uu|v } z�|uwt� α� �ut�y}w�t �u|~yux� �{v ztt��xu|w x�yuw�t� z�|uwt� |��{xw�� }t}wtxw x� ��{t� �y�ywzx } �|�t� ε � ztwt���� �tt��y �t�t�v� �|�x}xw twztt��xu|w�� s�}w� ztt��xu|w� �y|{�ut� ~|}wx�� x��y�v�w}v } wt~ut}w�� δ = rε, r �y{ty�� � �t��|t�ut�� �t{t�yux� �y|{�ut� ~|}wx�� ���yw }ttw�yw}w�t�|w� (δ/ε)3 �t{t�yux� z�|uwt� |��{xw���

�}y �wx �t{t�yuxv �|�t{uv�w z�� Cδ,ε
l,n,m

� }t}wtv�x� x� wt~yz �x�| lδ + εj,mδ + εk, n + εs � ��y
j, k, s ∈ {0, 1, . . . , r − 1} � �|zx� t��|�t�� y}{x u|� �|�|ut �t{t�yuxy �}y� z�|uwt� |��{xw�� �t �}y��t��}wx��� wt~z|�� wt �� }~xw|y�� ~wt |��{xw��| u|�t��yuxv �y|{�ut� ~|}wx�� � z��y Cδ,ε

l,n,m�|�u|
∑

α: x(α)∈Cδ,ε

l,n,m

λ(α). 	��


��t�u|~x� u|�t� �}y� z�|� � �|}}�|w�x�|y�t� t�{|}wx } �~ywt� x� ztt��xu|w x }zt�t}wy�� t��y�y�{vy��� } wt~ut}w�� ε � | w|z�y �}y� }�y�x|{�u�� �|�|zwy�x}wxz � �t�yuw t ~y�y� Kε
� ��y ux�ux�xu�yz} ���yw ~|}wt t��}z|w�}v� �}{x wy�y�� �|�xz}x�t�|w� �u|~yuxy δ � wt �� �t�y� ��~x}{xw��t �wt� �t���{y }ttw�yw}w����yy �|}��y�y{yuxy |��{xw��� x{x �t{ut��� ��uz�x�� ztwt��� �����y� t�t�u|~|w� ~y�y� |ΨKε,δ〉��|�| �|�|~| }t}wtxw � wt�� ~wt�� t��y�y{xw�� z|z x�yuut ��yt��|���w}v }zt�t}wx x |��{x�w��� z�|� ��x }wt{zut�yuxv�� ~wt�� �{v �}y� �u|~yux� t |ΨK(t)ε,δ〉 ��{t �� �y�yuxy� ��|�uyuxv

��y�xu�y�| } wt~ut}w�� �t C(M)tδ3 	M y}w� ~x}{t �}y� z�|�
� xu��x }{t�|�x� ~wt�� � }{�~|y�t}wtvuut�t �|�x{�wtux|u| } �wt� wt~ut}w�� ���t{uv{t}� �|�yu}w�t
|ΨK(t)ε,δ〉 ≈ exp

(

− i

h
Ht

)

, 	�$


| � }{�~|y �|�x{�wtux|u|� �|�x}v�y�t tw ��y�yux wt �y �|�yu}w�t� ut � }��}{y ��tut{t�x~y}zt��z}�tuyuw��s�yt��|�t�|uxy �|�|zwy�x}wxz z�|�� �~|}w����x� � }wt{zut�yuxv�� �� t�t��x� � �x�y �y|z�x��x�|
v̄1, x̄1, λ1, ∆t1; v̄2, x̄2, λ2 −→ v̄′1, x̄

′
1, λ

′
1; v̄′2, x̄

′
2, λ

′
2,��y ∆t1, ∆t2 ���y�v� ��t�y��yy }t ��y�yux ��y�����y�t }wt{zut�yuxv �y��t�t x �wt�t�t z�|uw||��{xw��� } ����x�x z�|� ��x�� �t���{� 	��
 �{|�u�� �t{� � t��y�y{yuxx z�|uwt�t�t }t}wtvuxvx��|�w ~x}{| λ(α)� �� � �y���� t~y�y�� t��y�y{x�� z|zx� t��|�t� ��yt��|���w}v �wx ~x}{| ��x}wt{zut�yuxx z�|� ���y�y{yuxy ���yw w|zx��

λ′j = λj · e
i
h
∆Sj , j = 1, 2, 	��


��y
∆Sj = Lj∆tj , Lj = Ekin − Epot

	��

y}w� {|��|u�x|u j��t z�|uw| |��{xw���� ��~x}{yuu�� � wt~zy� {y�|�y� u| }y�y�xuy ��wx }t ��y��yux ��y�����y�t }wt{zut�yuxv� �t��y }zt�t}wx z�|uwt� �t�ut t��y�y{xw� x}�t�v x� wt�t� ~wt}t��|�yuxy }~xw|yw}v �����x�� ��y}� �t��t�u� �|�x|uw�� }�v�|uu�y } wy�� u|}zt{�zt ztu}w��z�wx�ut xuwy��y�x���w |��{xw��� λj

� y}{x tux }z{|���|�w}v x{x �{x�zx z �wt��� �t�ut }�y{|w�}t��|�yuxy �yuyy �����x� x �t{��y �t�t�x� u| }{x�|uxy� y}{x �y |��{xw��� xuwy��y�x���w�y}w��zwx�ut� }t��|�yuxy �t{�ut ��w� �{x�y z �����t��� s�t}���x��y� wy�y�� �}y ~x}{| λ(α)�{v �}y� z�|� α� ztwt��y � �t�yuw t u|�t�vw}v � z��y Cδ,ε
l,n,m

� st{�~x��yy}v �u|~yuxy ��uz�xx
�!�Ê°±°Ã Ê°³ δ = ε ·¯ Â®³È·³Æ µ³º²³¾Ã²Â °³´®± ¹³¾·³¹±¿ ËÂ·²Í¿ ÈÂ®¯° »¯°Ã º¾Ã·³ ¼±¸¼Ç¹·ÇÀ ¹®©

��



|ΨKε,δ〉 ���yw w�y��y��� ��x�{x�yuxy� u|}wtv�y� �t{ut�t� ��uz�xx �|}}�|w�x�|y�t� ~|}wx�� �wt� }{�~|y� y}{x w�|yzwt�xx �}y� z�|uwt� |��{xw��� �|}��y�y{yu� �t{ut}w�� }{�~|�u�� t��|�t��
�y�}w�xwy{�ut� � �wt� }{�~|y ��~x}{yuxy v��| �t �t���{y 	��
 �t�ut ��x�{x�yuut ��y�}w|�xw�z|z }���x�t�|uxy ~x}y{ λ(α) �t �}y� z�|� α� �t�|��x� � z��� }ttw�yw}w����x� wt~zy �� � wt�}{�~|y� y}{x �}y �y��tu|~|{�u�y z�|� ��{x �|}�t{t�yu� � z��y� }ttw�yw}w����y� wt~zy Ö x }���|~x}y{ λ(α) �{v z�|� � u|~|{�u�� �t�yuw ��{| �|�u| y�xux�y��t wt��| u|�| ��t�y���| ��~x}{yuxv
|ΨK(t2)ε,δ〉 ���yw ��x�{x�yuxy� �t���{� 	��
� wt y}w� �|}w u|� ��x�{x�yuuty �u|~yuxy �t{ut�t���uz�xx ~|}wx�� � �t�yuw t2 ��x �}{t�xx� ~wt |ΨK(t1)ε,δ〉 v�{vyw}v ��x�{x�yuxy� yy �t{ut�t���uz�xx � �t�yuw t1 ��w|z� �t���{| 	��
 v�{vyw}v �x}z�ywu�� |u|{t�t� �y�u�|ut�}zt�t xuwy��|{| �t w�|yzwt�xv�
	��
� �t~ut}w� �wt�t ��x�{x�yuxv ���yw wy� ���y� ~y� �yu��y �t �t��{� ~x}{| λ(α)� �}{x ��y���t{t�xw�� ~wt |��{xw��| �y�ux}w|� wt y}w� x�yyw}v z�|uw |��{xw��� g � �|z}x�|{�u|v �t��t�u|vwt~ut}w� ��~x}{yuxv wt��| ���yw �t}wx�u�w| ��x |λ(α)| = g � �w| }xw�|�xv ���yw �|}}�tw�yu| �}{y����y� �|�|��|�y�
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(
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(
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2
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MX ′2

2
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λ′osc

j = λosc
j ·e i

h
δSosc

j , δSosc
j =

[

M(X(t′) −X(t0))

2(t′ − t0)
+ ω2X(t′)2 + g

(

xj(t
′) − xj(t1)

t′ − t1
, xj(t

′), t′
)

Xj(t
′)

]

dt,
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∇ E = 4πρ,
∇ B = 0′

∇× E = − 1
c

∂B
∂t ,

∇×B = − 1
c

(

∂E
∂t + 4πj

)

,

∇j = −∂ρ
∂t .
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E = −∇φ− 1

c

∂A

∂t
.
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A(R, t) =

√
4πc

∫

āke
ikR d3k

(2π)3 ,

φ(R, t) =
∫

φk(t)eikR d3k
(2π)3 ,

j(R, t) =
∫

jk(t)eikR d3k
(2π)3 ,

ρ(R, t) =
∫

ρk(t)eikR d3k
(2π)3 .
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�y�}w�xy �{v w|zt� }x}wy�� t��y�y{vyw}v z|z S = Sparticles + Sfield + Sint
� ��y�

Sparticles =
∫
∑

j

(

mq′2
j

2 +
∑

l

ejel

|qj−ql|

)

dt,

Sfield = 1
2

∫

(a′∗1,ka
′
1,k − k2c2a∗1,ka1,k + a′∗2,ka

′
2,k − k2c2a∗2,ka2,k)d3kdt

(2π)3 ,

Sint =
√

4π
∑

j

∫

(a1,kq
′
1,j + a2,kq

′
2,j)e

ikqj (t) d3kdt
(2π)3 ,
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�|z ��{t tw�y~yut ���y� �t��|{�uty �tuvwxy t�ut��y�yuut}wx }t��wx� �{v �|�xu ����xu�|uy v�{vyw}v �x�x~y}zx |�yz�|wu��� ��ut��y�yuut}w� x�yyw �y}wt wt{�zt �{v v~yyz� t�t��y�|y����t{t�z|�x �|�xu� � �t�yuw ��x�yuyuxv z �wx� �t{t�z|� z|zt�t�ux���� ��|�x{| �|uut� �|�xu��
�{v tw}~yw| ��y�yux � �|uut� xuy��x|{�ut� }x}wy�y u|�t ��x�yuvw� }w|u�|�wu�� �x�x~y}zx�

�$



��t�y}}� u|��x�y�� ��t{yw �twtu| ~y�y� �y�t~z� |wt�t�� �|}�t{t�yuu�� ��t{� �|}}�|w�x�|y�t�w�|yzwt�xx� st}zt{�z� �wt v�{yuxy t�x}��|yw}v }�y�}w�|�x z�|uwt�t� �x�xzx� u|��x�y�� � wy���xu|� z�|uwt� |��{xw��� ��x �t�y{x�t�|uxx ��t�y��wz| ��y�yux dt �� �t{�u� �t�t~y�y�x �|}�}�tw�yw� �}y �|�� wt~yz u| �|}}�|w�x�|y�t� w�|yzwt�xx 	x �|�y � uyztwt�t� yy tz�y}wut}wx� tztwt�t� �t�ut ��y��t{|�|w�� ~wt yy wt{�xu| �xz}x�t�|u| x uy �|�x}xw tw �{xu� w�|yzwt�xx
�
�|��|v w|z|v �|�| }ttw�yw}w��yw u|~|{�ut� x ztuy~ut� wt~zy z�|uw| |��{xw��� �twtu| ��x �y��y}~ywy y�t �t{ut�t� ��uz�xx � }{y����x� �t�yuw ��y�yux��� �{v �t�y{x�t�|uxv �u�w�yuux���t�y}}t� � u|�y� x��y�xwy{�ut� }x}wy�y �| ��y�v dt u��ut x}�t{��t�|w� �}y }t}wtvuxv �����t�{t�t~ut� �|�xu� ����xu�|� �y�}w����y� u| {yuwy �|��y�| dt � wt y}w� �t�v�z| dt2 �{y�yuw|�u��t�y�|�x��

�y�y�� �|}}�tw�x� ��t�y}} u|�{��yuxx �| }t��wxv�x� ��tx}�t�v�x�x } ~|}wx�|�x� uy ��t�v��x�x � �|uu�� x��y�xwy{�u�� {xuy�z�� s�x w|zt� ��t�y}}y � u|} �tv�vw}v �|�� �t{t�tz� ztwt���y �t��w tw}wtvw� ���� tw ����| u| �|}}wtvuxy �t�v�z| �{y�yuw| �{xu� dS =
√

dx2 + dy2 + dz2 �
�|��x�y�� y}{x w|zt� uy ��t�v�x� � x��y�xwy{�u�� {xuy�z� |wt� x�{�~|yw �twtu� �|�u�y z�|u�w� |��{xw�� �t��w x�{�~|w�}v� zt��| �wtw |wt� �|ux�|yw �|�u�y �t{t�yuxv twut}xwy{�ut u|�y�x��y�xwy{�ut� {xuy�zx� s�x �wt� �}y �uy�uxy ~|}wx�� � u|�y� x��y�xwy{�ut� {xuy�zy ��y�}w|��{v�w}v } �t�t��� wy� �y v~yyz u| {yuwy� ~wt x �u�w�yuuxy ~|}wx }|�t� {xuy�zx� �t y}w� �{v�t�y{x�t�|uxv �}y� ��t�y}}t�� x �u�w�yuux� x �uy�ux�� uyt��t�x�t t��yy ~x}{t �{y�yuw|�u��t�y�|�x�� ztwt�ty �|�x}xw tw dS z�|��|wx~ut� s�x �wt� zt���x�xyuw ��t�t��xtu|{�ut}wx uy �|��x}xw tw dt x t��y�y{vyw}v �t�yuwt� u|~|{| x ztu�| �t�y{x�t�|uxv� | uy �u�w�yuux� ��y�yuy��|uut� }x}wy�� tw}~yw|� �}{x �� �twx� ��u|w�� }zt{�zt ��~x}{xwy{�u�� �|�t� � u|} y}w�� ~wt���t�y{x�t�|w� �t�y�yuxy �uy�uy� }x}wy��� �� �t{�u� ��~y}w� x� t��y�t ~x}{| t�y�|�x� ~x}{tt�y�|�x� u| �t�y{x�t�|uxy �u�w�yuux� ��t�y}}t� � }x}wy�y� �t y}w� � u|} �t{�~xw}v �y{x~xu|�x�| c1dS2 − c2dt

2 � �y�y�� �t�ut ��y��t{t�xw�� ~wt �wt ~x}{t �|�t� �{v �t�y{x�t�|uxy �uy�uy��wt y}w� x��y�vy�t� }x}wy��� v�{vyw}v �y�t� }{t�ut}wx yy t�x}|uxv � �|uut� }x}wy�y tw}~yw|� ��z�x�|{yuwut}w� xuy��x|{�u�� }x}wy� wt��| ��tv�{vyw}v � wt�� ~wt �w| �y�| }{t�ut}wx �t{�u|��w� t�xu|zt�| �{v �|�u�� xuy��x|{�u�� }x}wy�� ~wt x �|yw u|� }t��|uyuxy �}y��t�y�z{x�t�t��yw�xzx ��x �y�y�t�y tw t�ut� }x}wy�� z ����t�� �w|z� z�|��|wx~u|v �|�x}x�t}w� ~x}{| �|�t�|{�t�xw�| tw �x�x~y}zx� �u|~yux� �{xu� x ��y�yux ��wyz|yw x� �ywt�| �t�}~yw| �t{ut�t� ��uz��xx �t �ywt�� w�|yzwt�x� �y�u�|u|� y}{x �� ��x�yux� �{v w|zt�t �t�}~yw| x� �x}z�ywx�|�x�~y�y� z�|uw� |��{xw���
�|zty t�x}|uxy� y}wy}w�yuut� uy v�{vyw}v }w�t�x�� x wy� �t{yy uy ��ywyu��yw u| wt� ~wt�� ��w�y�xu}w�yuut �t��t�u��� �� ��x�y{x y�t wt{�zt �{v wt�t� ~wt�� �tz|�|w�� ~wt |{�t�xw�x~y}zx��t��t� uy ��twx�t�y~xw {t�yu��xu�|�x|uwut}wx �|ztut� ��x�t���
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